We examine the dynamics of an arbitrary number of scalar fields interacting via a series of exponential potentials. In many cases, redefining the fields reduces the system to a single field with a single exponential potential, independent of the background spacetime. We show that this solution is the late-time attractor for an arbitrary number of scalar fields interacting via two exponential potentials. We apply this analysis to a reduced action resulting from a generalized compactification of higher-dimensional massless fields.
I. INTRODUCTION
It is widely believed that scalar fields played a central role in determining the dynamics of the very early universe. In particular, the self-interaction potential energy of a scalar field may have driven an epoch of accelerated, inflationary expansion [1] . Interaction potentials with an exponential form, which have previously received considerable attention, arise naturally in higher-dimensional and higher-order gravity theories [2] , including the currently favoured superstring theories of the fundamental interactions [3, 4] .
In the vast majority of studies to date it has been assumed that, at a given epoch, only the scalar field with the shallowest potential is dynamically important, all other fields having redshifted away. Since superstring theories contain numerous scalar fields, it is crucial to examine their combined dynamics and, in particular, to address whether their interactions have important consequences for the early universe. Typically, the exponential potentials arising in these theories are individually too steep to drive inflation [5, 6] , but inflation may occur when the combined dynamics of a number of non-interacting fields is considered [7] .
On the other hand, the addition of interactions between the fields can impede inflation [8, 9] .
As a concrete example of the interesting dynamics that arises 1 , one can consider a set of m non-interacting scalar fields, ϕ = (ϕ 1 , ϕ 2 , . . . , ϕ m ), each with an exponential potential,
, where r i is a constant. Naively, one might expect that the field with the smallest coupling constant would dominate the universe at late times. Surprisingly, this
is not the case, as was recently observed by Liddle, Mazumdar and Schunck [7] . The latetime attractor of this system for the spatially flat, Friedmann-Robertson-Walker (FRW) cosmology is actually of the form a ∝ tr, wherer = m i=1 r i [7, 10] . Thus, inflation is possible,r > 1, even if the potentials are individually too steep to drive inflation (r i < 1).
This cooperative behaviour was termed 'assisted' inflation [7] .
Copeland, Mazumdar and Nunes have studied a more general system, consisting of n 1 In this paper, units are chosen such that 16πG =h = c = 1.
exponential potentials and m scalar fields, which allows for interactions between the fields [9] . The action for this system is
where the constant vectors, c i , parametrise the couplings between the fields and m i are arbitrary constants. The analysis of Copeland et al. was restricted to the spatially flat FRW cosmology and a new class of power law cosmologies, a ∝ t r (r > 1/3), was found by directly solving the field equations. The exponent r is defined as the sum of all the elements of the inverse of a symmetric, n × n matrix M ij :
where M ij is formed from the couplings between the fields:
In general, there are two competing effects in generalised models of this type. The expansion rate may decrease more slowly as more potentials are introduced, but the interactions between the multiple scalar fields tend to reverse this effect. Similar behaviour was also noted by Kanti and Olive in multi-field models with power-law, rather than exponential, potentials [8] .
We examine the system (1) in more detail in this paper. In Section II, we consider the multi-field dynamics for an arbitrary spacetime metric when the couplings, c i , are related in a certain way. We determine the nature of the late-time attractor solution in the case where there are two exponential terms and an arbitrary number of scalar fields. In Section III, we analyse cosmologies derived from Eq. (1) within the context of a generalised toroidal compactification of higher-dimensional fields. We conclude in Section IV.
II. MULTIPLE EXPONENTIAL POTENTIALS AND FIELD ROTATIONS
The assisted dynamics between the scalar fields arising in action (1) can be understood more readily by performing an appropriate field redefinition. Following the analysis of Lü and Pope [11, 12] we rotate the fields, ϕ, with respect to a unit vector, n:
where ϕ is a scalar function and ϕ ⊥ is perpendicular to n: n. ϕ ⊥ = 0. We assume that the set of vectors c i each have the same projection onto n, i.e., that
for some constant, c. We also consider the class of models where the constants, m i , can be rescaled without loss of generality such that m
The model considered in the next Section satisfies these criteria.
In general, the scalar field equations derived from action (1) are given by
Taking the dot product of Eq. (6) with respect to n then implies that
and substituting Eq. (7) into Eq. (6) implies that
It follows that if the unit vector satisfies the constraint [11] 
a consistent solution to Eqs. (7) and (8) is given by
Eq. (10) may be derived from the action for a single scalar field:
and the late-time attractor for the FRW cosmologies is known in this case [5, 6] .
It follows that the corresponding attractor for the general system (1) (subject to the constraints (5) and (9)) can be determined if ϕ ⊥ → 0 at late times. This will be the case if the full effective potential for the rotated fields has a global minimum along ϕ = 0. It is possible to show that this indeed occurs for the case of two potential terms (n = 2)
containing an arbitrary number of scalar fields. Eqs. (5) and (9) (8) with respect to either c i and employing these constraints then implies that
Thus, the effective potential for each of the linear combinations of fields c i .
is proportional to V eff ∝ cosh ( c i . ϕ ⊥ ) and hence has a global minimum at c i . ϕ ⊥ = 0. This implies that c i . ϕ ⊥ = 0 is the late-time attractor. However, since the vectors c i are not parallel, this is only consistent if ϕ ⊥ = 0. Consequently, for a given metric, the late-time attractor for this class of n = 2 models is the attractor solution that arises from the action (12).
Before concluding this Section, we remark that the effective potential for the fields c i . ϕ ⊥ can be expanded about its minimum. To second-order, it contains a constant term and a term that is quadratic in the fields, as is the case in hybrid inflation models [13] . It was observed by Malik and Wands [10] that the assisted inflation solution of Ref. [7] is related to a power-law form of hybrid inflation, where the energy density of the false vacuum is redshifted due to an exponential dependence on a scalar field. The above analysis, which is independent of the background cosmology, illustrates that this connection with hybrid inflation may be a generic feature of assisted inflation models.
In the next Section we apply these results to a higher-dimensional theory containing massless scalar fields.
III. GENERALISED COMPACTIFICATION OF MASSLESS SCALAR FIELDS
In standard Kaluza-Klein compactification it is assumed that the higher-dimensional fields are independent of the compactified coordinates [14] . However, when the action exhibits a global symmetry, consistent lower-dimensional theories may be derived from the more general ansatz of Scherk and Schwarz [15] . The simplest example is the compactification on a circle of a theory containing a massless axion field. Since the field arises in the action only through its derivative, the global symmetry corresponds to a linear shift in its value. A consistent compactification is then possible if the axion has a linear dependence on the internal variable [16, 17] . There has recently been renewed interest in generalised compactifications of this type [16] [17] [18] [19] within the context of M-theory [20] .
In view of this, we consider (D + 1)-dimensional Einstein gravity minimally coupled to a massless scalar field:
Compactification onto a circle may be parametrised in terms of the metric [11]
where z represents the coordinate of the compactified dimension, A µ is the gauge potential and the numerical value of α is chosen to ensure that the scalar 'dilaton' field, ϕ, is minimally coupled to the Einstein-frame metric after compactification. For the ansatẑ
the reduced action is given by [16] 
where
is the field strength of A µ and a ≡ (18) is invariant under the massive gauge transformation δΦ = mχ and δA µ = ∂ µ χ and this allows the vector field to gain a mass by absorbing the axion field [16] . The dilaton field has an exponential self-interaction potential due to the non-trivial slope parameter, m, of the higher-dimensional axion.
2(D − 1)/(D − 2). Action
The dimensional reduction summarised in Eqs. (15)- (18) 
Eqs. (19) and (20) imply that
where s = max{i, j}. Employing the relationship
and substituting Eq. (21) into Eq. (3) then yields the remarkably simple result:
where δ ij is the (D − 4)-dimensional Kronecker.
In this model, we may rescale the slope parameters, m i , by performing linear translations on the values of the dilaton fields. It follows, therefore, that the analysis of Section II may be applied to this dimensionally reduced model. We conclude that the system admits cosmological solutions equivalent to that of the single scalar field in Eq. (12) with an exponential coupling parameter, c. The numerical value of the coupling is evaluated by taking the dot product of Eq. (9) with respect to the vector c j . We find that
independent of j.
Thus, the nature of the solution of Ref. [9] can be understood in terms of a suitably defined, single scalar field, ϕ. If c 2 ≤ 3, the late-time attractor for the spatially flat FRW cosmology derived from action (12) is given by the power law a ∝ t r , where r = c −2 [5] . If c 2 > 3, on the other hand, the attractor is a ∝ t 1/3 [6] . Since M ij is non-singular, Eq. (24) implies that n i=1 (M −1 ) ij = 1/(c 2 n) and summing over j then yields the power law given by Eq. (2) for r > 1/3.
Eq. (24) implies that the dimensionally reduced model derived above admits the spatially flat FRW power law solution, a ∝ t r , where
In the five-dimensional model, where only one dimension is compactified, the solution corresponds to that of a massless scalar field, r = 1/3. As more dimensions are compactified, the assisted dynamics between the scalar fields becomes apparent and the power of the cosmological expansion increases monotonically with the dimensionality of spacetime. We can conclude from Eq. (25), however, that assisted inflation does not arise in this compactification scheme regardless of the number of compactified dimensions, since as D → ∞, r → 1.
It is interesting that this upper limit corresponds precisely to the coasting solution, where the scale factor is neither accelerating nor decelerating. In summary, each compactification of an axion field effectively introduces a new mass parameter, but the corresponding increase in the relative expansion rate of the universe is counter-balanced by the new interactions that also arise between the scalar dilaton fields.
The above analysis may be readily extended to include the more general class of models with n exponential potentials satisfying the simultaneous constraints c i . c i = α + β and 
IV. CONCLUSION
In this paper, we have employed a formalism due to Lü and Pope [11] to examine multifield cosmologies with m scalar fields interacting via n exponential potential terms. The original fields can be rotated and redefined to reduce the system to a single field with an exponential potential. The power law solution of Ref. [9] arises in the special case of the spatially flat FRW cosmology. We have shown that this solution is the late-time attractor for the case of two potential terms containing an arbitrary number of scalar fields when the couplings satisfy appropriate conditions. Since our analysis is independent of the spacetime geometry, it can be employed to study assisted inflation in the more general setting of spatially anisotropic and inhomogeneous cosmologies. For example, particular solutions for a single scalar field in a class of inhomogeneous Einstein-Rosen models have been found previously [21] . In principle, these may be reinterpreted in terms of multi-field cosmologies.
We considered the generalised compactification of D-dimensional, massless axion fields minimally coupled to gravity. We found that assisted inflation does not occur in this compactification for all D. However, the above model does highlight a potential problem for early universe cosmology resulting from assisted scalar field dynamics. In spatially flat FRW cosmologies containing a single scalar field and a barotropic fluid with an equation of state p = (γ − 1)ρ, the late-time attractor is given by a ∝ t (1/c 2 ) when c 2 < 3γ/2 [23] . When Wands for helpful discussions.
